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Abstract 

It is proved that if G is a f-tough graph of order n and minimum degree 
S with t > 1 then either G has a cycle of length at least min{n, 25 + 5} or 
G is the Petersen graph. 
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1 Introduction 

Only finite undirected graphs without loops or multiple edges are considered. 
We reserve n, 5, n, c and r to denote the number of vertices (order), the mini- 
mum degree, connectivity, circumference and the toughness of a graph, respec- 
tively. A good reference for any undefined terms is [2]. 

The earliest lower bound for the circumference was developed in 1952 due 
to Dirac [3], 

Theorem A |3j. In every 2-connected graph, c > min{n, 2(5}. 

In 1986, Bauer and Schmeichel [1] proved that the bound 25 in Theorem 
A can be enlarged to 25 + 2 by replacing the 2-connectivity condition with 1- 
toughness. 

Theorem B [1]. In every 1-tough graph, c > min{n, 25 + 2}. 

In this paper we prove that in Theorem B the bound 25 + 2 itself can be 
enlarged up to 25 + 5 if r > 1 and G is not the Petersen graph. 

Theorem 1. Let G be a graph with r > 1. Then either c > min{n, 25 + 5} or 
G is the Petersen graph. 
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The next result follows immediately. 

Corollary 1. Let G be a graph with r > 1. If S > (n — 5)/2 then G either is 
hamiltonian or is the Petersen graph. 

To prove Theorem 1, we need the following result due to Voss [I]. 

Theorem C [4]. Let G be a hamiltonian graph, {vi, 1)2, «t} C V(G) and 
d(-Ui) > i (i = 1, 2, i). Then each pair x, y of vertices of G is connected in G 
by a path of length at least t. 



2 Notations and preliminaries 

The set of vertices of a graph G is denoted by V(G) and the set of edges by 
E(G). For S a subset of V(G) 7 we denote by G\S the maximum subgraph of 
G with vertex set V(G)\S. We write GfS 1 ] for the subgraph of G induced by S. 
For a subgraph H of G we use G\iJ short for G\V(H). The neighborhood of 
a vertex x 6 1^(G) will be denoted by N(x). Furthermore, for a subgraph H of 
G and x S V(G), we define Nh(x) = 7V(x) n V(.ff) and djyfa:) = |iNTff(a;)|. Let 
s(G) denote the number of components of a graph G. A graph G is t-tough if 
\S\ > ts(G\S) for every subset S of the vertex set V(G) with s(G\5) > 1. The 
toughness of G, denoted t(G), is the maximum value of t for which G is i-tough 
(taking r{K n ) = 00 for all n > 1). 

A simple cycle (or just a cycle) G of length f is a sequence t>iU2...ftwi of 
distinct vertices Vi,...,Vt with -UiVi+i £ E(G) for each i S {1, t}, where Vt+i = 
v\. When t — 2, the cycle G = V1V2V1 on two vertices ^1,^2 coincides with the 
edge v\V2, and when t = 1, the cycle G = «i coincides with the vertex uj. So, 
all vertices and edges in a graph can be considered as cycles of lengths 1 and 
2, respectively. A graph G is hamiltonian if G contains a Hamilton cycle, i.e. a 
cycle of length n. A cycle G in G is dominating if G\C is edgeless. 

Paths and cycles in a graph G are considered as subgraphs of G. If Q is a 
path or a cycle, then the length of Q, denoted by \Q\, is \E(Q)\. We write Q 
with a given orientation by . For x, y £ V^Q), we denote by xQy the subpath 
of Q in the chosen direction from x to y. For x £ ^(G), we denote the h-th. 
successor and the h-th predecessor of x on ~C by x +h and x _/l , respectively. We 
abbreviate x +1 and x _1 by x + and x~, respectively. For each X C V^(G), we 
define X+ h = {x +h \x £ X} and X~ h = { X - h \x e X}. 

Special definitions. Let G be a graph, G a longest cycle in G and P = x~F^y 
a longest path in G\G of length p > 0. Let ^i,^2,---,^s be the elements of 
Nc(x) U Nc(y) occuring on G in a consecutive order. Set 

h = /* = e+^er+i (* = i, 2, *), 

where = 
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(1) The segments Ii,l2,...,I s are called elementary segments on G induced 
by N c {x)UN c (y). 

(2) We call a path L = zLw an intermediate path between two distinct 
elementary segments 4 and 4 if 

zeV(P a ), weVtf), V(L)nV(CuP) = {z,w}. 

(3) Define T(I il7 I i2 , ...,Ii t ) to be the set of all intermediate paths between 
elementary segments 1^,1^,..., Ii t . 

Lemma 1. Let G be a graph, G a longest cycle in G and P = xP'y a longest 
path in G\C of length p > 1. If |JV c (x)| > 2, \N c (y)\ > 2 and N c (x) # N c (y) 
then 

IGI > / + max{o- 1 ,CT 2 } - 1 > 35 if p = 1, 
1 1 " \ max{2p + 8,4(5-2p} if p > 2, 

where oi = |iV c (x)\^ c (y)| and cr 2 = |iV c (y)\7V c (x)|. 

Lemma 2. Let G be a graph, C a longest cycle in G and P = .tP^j/ a longest 
path in G\C of length p > 0. If 7V c (x) = 7V c (y) an d |iV c (x)| > 2 then for each 
elementary segments I a and p induced by Nc{x) U Nc(y), 

(al) if L is an intermediate path between 4 and p then 

141 + 141 >2p + 2|L| + 4, 

(a2) if T(I a ,I b ) C P(G) and |T(7 ,7 6 )| =i for some i e {1,2,3} then 

|4| + |4| > 2p + i + 5, 

(a3) if T(7 , 4) C -E(G) and T(P,p) contains two independent intermediate 
edges then 

|4| + |4| > 2p + 8. 

Lemma 3. Let G be a graph and G a longest cycle in G. Then either |G| > 
n(S + 1) or there is a longest path P = x\P 'x 2 in G\G with \Nc{xi)\ > 2 
(* = 1,2). 

3 Proofs 

Proof of Lemma 1. Put 

= N c (x)\N c (y), A 2 = N c (y)\N c (x), M = N c (x) n JV c (y). 
By the hypothesis, Nc{x) ^ Nc(y), implying that 

max{|i4i|,|4 2 |} > 1. 
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Let £i,£ 2 , be the elements of Nc{x) U Nc(y) occuring on C in a con- 

secutive order. Put 7j = (i = 1,2, ...,s), where £ s+ i = £1. Clearly, 

s = |Ai| + |A 2 | + \M\. Since C is extreme, |7;| > 2 (i = 1,2, ...,s). Next, if 
{&,&+i}nM + 1 for some i G {l,2,...,s} then |7;| >p + 2. Further, if either 
& € Ai, e A 2 or & e A 2 , & + i £ Ai then again |7j| > p + 2. 

Case 1. p = 1. 

Case 1.1. \Ai\ > 1 (i = 1,2). 

It follows that among 7i, 7 2 , Tg there are \M\ + 2 segments of length at 
least p + 2. Observing also that each of the remaining s — (\M\ + 2) segments 
has a length at least 2, we have 

\C\ >(p + 2)(\M\ + 2) + 2(s - |M| - 2) 

= 3(|M| + 2) + 2(L4 1 | + |A 2 | -2) 
= 2|Ai| + 2|4 2 |+3|M| + 2. 
Since |Ai| = d(x) - \M\ - 1 and \ A 2 \ = d(y) - \M\ - 1, 

\C\ > 2d(x) + 2d(y) - \M\ - 2 > 35 + rf(a;) - |M| - 2. 

Recalling that = \M\ + |Ai| + 1, we get 

|C| > 35 + | Ai| - 1 = 36 + ax - 1. 

Analogously, |C| > 35 + 02 — 1- So, 

|C| > 35 + max{f7i,a 2 } - 1 > 35. 

Case 1.2. Either |Ai| > 1, \A 2 \ = or |Ai| = 0, |A 2 | > 1. 

Assume w.l.o.g. that \Ai\ > 1 and |A 2 | = 0, i.e. \N c (y)\ = \M\ > 2 and 
s = \Ai I + \M\ . Hence, among 7i, 7 2 , 7 S there are |M| + 1 segments of length 
at least p + 2 = 3. Taking into account that each of the remaining s — (\M\ + 1) 
segments has a length at least 2 and |M| + 1 = d(y), we get 

\C\ > 3(\M\ + 1) + 2(s - |M| - 1) = 3%) + 2(L4i| - 1) 

> 35+ |Ai| - 1 = 35 + max{cri,CT 2 } - 1 > 35. 
Case 2. p > 2. 

We first prove that |C| > 2p + 8. Since \N c (x)\ > 2 and |JV c (j/)| > 2, there 
are at least two segments among 7i,7 2 , I s of length at least p + 2. If |M| = 
then clearly s > 4 and 

|C| > 2(p + 2) + 2(s -2) > 2p + 8. 

Otherwise, since max{|Ai|, \A 2 \} _ 1, there are at least three elementary seg- 
ments of length at least p + 2, that is 

\C\ > 3(p + 2) > 2p + 8. 
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So, in any case, C| > 2p + 8. 

To prove that |C| > 4<5 — 2p, we distinguish two main cases. 

Case 2.1. \A t \ > 1 (i = 1,2). 

It follows that among Ii,I 2 ,...,I s there are \M\ + 2 segments of length at 
least p + 2. Further, since each of the remaining s — (\M\ +2) segments has a 
length at least 2, we get 

\C\ >(p + 2)(|M| + 2) + 2(s - \M\ - 2) 

= (p - 2)\M\ + {2p + 4\M\ + 4) + 2(|^i | + \A 2 \ - 2) 

>2|A 1 | + 2|A 2 |+4|M| + 2p. 

Observing also that 

L4i| + |M| +p> d(x), \A 2 \ + \M\ +p> d(y), 

we have 

2|4i| + 2|A 2 |+4|M| + 2p 
> 2d{x) + 2%) - 2p > 4(5 - 2p, 
implying that \C\ > 45 - 2p. 

Case 2.2. Either \A X \ >1,\A 2 \=0 or |Ai| = 0, \A 2 \ > 1. 

Assume w.l.o.g. that |Ai| > 1 and \A 2 \ = 0, i.e. \N c (y)\ = \M\ > 2 and 
s = | Ai | + |M|. It follows that among I\, I 2 , I s there are \M\ + 1 segments of 
length at least p + 2. Observing also that |M| + p > d(y) > 5, i.e. 2p + 4|M| > 
45 — 2p, we get 

|C| > (p + 2)(|M| + l) > (p-2)(|M|-l) + 2p + 4|M| 

>2p + A\M\>45-2p. M 

Proof of Lemma 2. Let £i,£ 2 , ...,£s be the elements of Nc(x) occuring on C 
in a consecutive order. Put Ii = £,iC£ i+1 (i = l,2,...,s), where £ s+1 = £1. To 
prove (al), let L = z L w be an intermediate path between elementary segments 
I a and I b with z e V(I*) and w e V(I£). Put 

\£aCz\ = di, |2;C^ a+ i| = d 2 , |£&Ciu| = d 3 , |u;(7£ b+1 | = rf 4 , 

C" - S a x'PyZ b bz'iw7}Z a . 

Clearly, 

|C"| - |C|-di-d 3 + |L| + |P| + 2. 

Since C is extreme, we have \C\ > \C'\, implying that d\ + d 3 > p + \L \ + 2. By 
a symmetric argument, d 2 +d 4 >|j+|L| + 2. Hence 

4 

\Ia\ + \h\ =^di>2p + 2|L|+4. 

i=l 
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The proof of (al) is complete. To proof (a2) and (a3), let T(I a ,I b ) C £(G) 
and |Y(7 , 7j,)| = i for some i S {1, 2, 3}. 

Case 1. i = l. 

It follows that T(7 , 7;,) consists of a unique intermediate edge L = zw. By 
(al), 

|7„| + |7 6 | >2p + 2|L|+4 = 2p + 6. 

Case 2. i = 2. 

It follows that T(I a ,h) consists of two edges ei,e2. Put ei = ziwi and 
e 2 = 2 2 w 2 , where {z\,z 2 } Q V(I*) and {w 1 ,w 2 } C V(7£). 

Case 2.1. zi 7^ z 2 and u)i 7^ w 2 . 

Assume w.l.o.g. that Z\ and z 2 occur in this order on I a . 

Case 2.1.1. w 2 and toi occur in this order on 7{,. 
Put 

\£ a Cfz 1 \=d 1 , \zi~dz 2 \=d 2 , \z 2 C?Z a+ i\ = d 3 , 
\£,b~dw 2 \ = d 4 , \w 2 ^w 1 \ = d 5 , \wi($€b+i \ = d 6 , 
C = £aCz 1 w 1 Cw 2 z 2 C£ b xPy£ b+1 C£ a . 



Clearly, 



\C'\ = \C\ -d 2 -d i -d 6 + \{ ei }\ + \{e 2 }\ + \P\+2 
= \C\ - d 2 - d A - d 6 + p + 4. 



Since C is extreme, |C| > \C'\, implying that d 2 + di + d$ > p + 4. By a 
symmetric argument, d\ + d 3 + d§ > p + 4. Hence 

6 

\I a \ + \h\='%2d i >2p + 8. 

i=l 

Case 2.1.2. w\ and w 2 occur in this order on I b . 
Putting 

C = S, a ~d z 1 w 1 ~dw 2 z 2 ~d(, b xl^y£_ b+1 ~d(, a , 
we can argue as in Case 2.1.1. 

Case 2.2. Either z\ = z 2 , w\ 7^ w 2 or z\ 7^ z 2 , w\ = w 2 . 
Assume w.l.o.g. that z\ 7^ z 2 , w\ = w 2 and z\,z 2 occur in this order on I a . 
Put 

\£ a Czi\=di, \z\Uz 2 \ = d 2 , |z 2 Zt^ a+1 | = d 3 , 
\£bCwi\ = d A , \w{C £, b+ i\ = d 5 , 

C = (, a X^ VCbtj ZxWx'd £ a , 

C" = ^z 2 w 1 t^ +1 x^y^ b+1 'd^. 
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Clearly, 

\C\ = \C\ -ch-ch + |{ei}| + \P\ + 2 = |C| - di - rf 4 + P + 3, 

|C"| = |C| - d 3 - d 5 + IWI + \P\ + 2 = |C| - d 3 -d 8 +5 + 3. 
Since C is extreme, |C| > |C"| and |C| > \C"\, implying that 

d\ + g?4 > P + 3, d 3 + d 5 > p + 3. 

Hence, 

5 

\I a \ + \h\ =J2d t > dx + d 3 + d 4 + d 5 + 1 > 2p + 7. 

i=l 

Case 3. i = 3. 

It follows that T(/ a ,/f ) ) consists of three edges ei,e2,e3. Let e, = z^Wi 
(i = 1,2,3), where {z!,z 2 ,z 3 } C V(/*) and {wi,w 2 ,W3} C V(i£). If there 
are two independent edges among ei,e2,e3 then we can argue as in Case 2.1. 
Otherwise, we can assume w.l.o.g. that w\ = w 2 = w 3 and z i7 z 2 ,z 3 occur in 
this order on I a . Put 

\£aCzi\=di, \z 1 ~dz 2 \=d 2 , \z 2 t?z 3 \ = d 3 , 

\z 3 t?£ a +i\ = d 4 , \^wi\=d 5 , \wi~d£b+i\ = d e , 

C" = Z a ~dz 3Wl tt a+1 xl*yZ b+1 ~dz a . 

Clearly, 

|C"| = |C|-di-d 5 + |{ ei }|+p + 2, 
\C"\ = \C\-d 4 -d 6 + \{e 3 }\+p + 2. 
Since C is extreme, we have \C\ > \C'\ and \C\ > \C"\, implying that 

d\ + d 5 > p + 3, d 4 + d 6 > p + 3. 

Hence, 

6 

141 + \h\ = ^2d l >d 1 +d 4 + d 5 +d 6 + 2>2p + 8. M 
i=i 

Proof of Lemma 3. Choose a longest path P = x\Px 2 in G\C so as to 

maximize |iVc(a;i)|. Let yi, ...,yt be the elements of Np(x 2 ) occuring on P in 
a consecutive order. Put 

P i = x 1 ^yrx 2 %i (i = l,...,t), H = G[V{y^X2)]. 

Since Pi is a longest path in G\C for each i e {1, we can assume w.l.o.g. 

that P is chosen such that \V(H)\ is maximum. It follows in particular that 
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N P {yi) C V{H) (* = l,...,t). 
Case 1. |AT c (ori)| = 0. 

Since \Nc{x\)\ is maximum, we have \Nc{yi)\ = (i = l,...,t), implying 
that N(yi) C V(.ff) and dn(yi) — d(yi) > 8 (i = 1, ...,t). Further, since y t = x 2 , 
we have dp{x2) > 8, that is f > J. By Theorem C, for each distinct u, v £ V(H), 
there is a path in H of length at least 8, connecting u and v. Since H and C 
are connected by at least n vertex disjoint paths, we have C > k(S + 2). 

Case 2. |iV c (a;i)| = 1. 

Since |iVc(aii)| is maximum, we have \Nc(yi)\ < 1 (i = l,...,t), implying 
that \N H (yi)\ > 5-1 (i = l,...,t), where t > 8-1. By Theorem C, |C| > k(8+1). 

Case 3. |AT c (ori)| > 2. 

If |ATc(yi)| > 2 for some z £ {1, i) then we are done. Otherwise \Nc{y%)\ < 
1 (a = 1, t) and, as in Case 2, |C| > k(<5 + 1). ■ 

Proof of Theorem 1. If k < 2 then clearly r < 1, contradicting the hypothesis. 
Next, if c > 28 + 5 then we are done. So, we can assume that 

<5>k>3, c< 25 + 4. (1) 

Let C be a longest cycle in G and P = xx~Px2 a longest path in G\C of 
length p. If |y(P)| < then C is a Hamilton cycle and we are done. Let 
\V(P)\ > 1. Put X = N c (xi) U N c (x 2 ) and let £i, ...,£ s be the elements of X 
occuring on C in a consecutive order. Put 

h = tidti+u i* = e+^r+i (* = *), 

where = £i- 

Claim 1. Let 7Vc(a;i) = Nc(x2) and let £ a ,£b be two distinct elements of 
X. If either |£ a C\/| + \^ b Cz\ <p + 2 or |y^ a +i| + <P + 2 for some 

y £ V(I* a ) and z £ V(I* b ), then yz £7(G). 

Proof. Assume the contrary, that is j/2 £ E(G). If |^y| + |&^| <P + 2 
then 

\^xi'^x 2 ^ 4 Cyz^U = \C\ - \£ a ty\ - \&dz\+p + 3 > \C\ + 1, 

a contradiction. By a symmetric argument, we reach a contradiction when 
z(^£,b+i \ < P + 2. A 

Case 1. p = 0. 

It follows that P = x\ and s = d(x\) > 8 > 3. The next claim can be 
derived from (1) and Lemma 2 easily. 

Claim 2. (1) |7j| + |7j| < 8 for each distinct i, j £ {1, ...,s}. 
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(2) If |7 | + \If,\ = 8 for some distinct a, b G {1, ...,s} then |/,| = 2 for each 
i G {l,...,a}\{a,6}. 

(3) If |7 a | =6 for some a G {1, s} then |7j| =2 for each « G {1, s}\{a}. 

(4) There are at most four segments of length at least 3. 

(5) If |7 | > 3, |7 6 | > 3, |7/| > 3, |7 S | > 3 for some distinct a, b, f, g G {l,...,s} 
then|7 | = |7 6 | = |7/| = |7 g |=3. 

(6) |7i| + \Ij \ + \I t \ < 10 for each distinct i,j,t G {l,...,s}. 

Claim 3. Let £«>£&,£/ be distinct elements of X, occuring on in a 
consecutive order. If £^ G E(G) then w^ ai w^b & E(G) for each w G {£j , 
Proof. If C/Ca G £(G) then 

is longer than C, a contradiction. If S,J^b G 7J(G) then 

is longer than C, a contradiction. So, £7£ a ,£/£h & E(G). By a symmetric 
argument, £+£ OJ £+& £ A 

Claim 4. Let a, & G {1, s}. If £+w G £(G) for some w G then 

^ 7J(G) for each y G {w + ,w~}. 
Proof. If G E(G) then 

is longer than C, a contradiction. If £ b ~w + G 77(G) then 

is longer than G, a contradiction. So, G" -E'(G) for each y G {w + , w~}. A 

Claim 5. Let a, 6 G {1, s}. If £+w G 77(G) for some w G then 
£+w+ 77(G). U&w G 77(G) for some 10 G V(£+~C*£ b ) then E(G). 

Proof. If C+w G 77(G) for some tu G V(£+C£ a ) and G 77(G) then 

is longer than G, a contradiction. Hence G" E(G). By a symmetric argu- 

ment, if £+w G 77(G) for some tu G F(£+G£&) then £ 77(G). A 

If T(7i,...,7 s ) = then G\{£i, £ s } has at least s + 1 components, con- 
tradicting the fact that r > 1. Otherwise T(7 a ,7ft) ^ for some distinct 
a, & G {l,...,s}. By Lemma 2, |7 | + |7j| > 6. Since G is extreme, we have 
\Ii\ > 2 {i = 1, s). Assume first that s > 8 + 1. Then 

c=|7 a | + |7 & | + ^ > 6 + 2(s-2) > 2(5 + 4. 

»e{i,...,s}\{o,6} 
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By (1), c = 2(5 + 4 and \I a \ + 41 = 6. By Lemma 2, T(I a , If,) consists of a single 
edge yz with y G V(I*) and y G V(I*). If \I a \ = 41 = 3 then by Lemma 2, 
T(7i, I s ) = T(I a ,Ib) = {yz} and therefore, G\{£i, £ s , y} has at least s + 1 
components, contradicting the fact that r > 1. Now let |J =4 and |4 = 2. 
Put I a = CaWiW2W 3 ^ a+ i and 7 b = S,bW^ h+ i. By Claim 1, y = w 2 and z = w 4 . 
Since 41 = 2 for each i G {1, s}\{a}, we can state that W2 belongs to all 
edges in Y(7i, I s ). Then £ s , W2) has at least s + 1 components, 

again contradicting the fact that r > 1. So, 

s = 5. (2) 

Recalling that T(I a ,Ii,) + 1 0, we can choose L G T(I a7 Ib). If 4 > 3 then by 
Lemma 2, 

+ > 2p + 2|L|+4> 10, 
contradicting Claim 2(1). Otherwise \L\ < 2. 

Claim 6. T(Ji, ...,/ s ) consists of pairwise edge disjoint paths of length at 
most two. 

Proof. Assume the contrary, that is Pi, P2 G ¥(4, I s ) and Pi = yiy2y3, 
P2 = 2/12/22/4- If 2/1,2/2,2/4 belong to different elementary segments 4,4,4 then 
by Lemma 2, 

|4| + |4|>8, |4| + 141 > 8, |4| + 141 > 8. 

This implies |J a | + |J 6 | + \I f \ > 12, contradicting Claim 2(6). Now let y x G V(I*) 
and y 3 ,y 4 G V(4*)- Assume w.l.o.g. that 2/3 G Ct/7). Put 

|£a<?2/i| = 4, |2/iC^ a+ i| = d 2 , 

16^2/31 = 4, l2/3^2/4| = 4, |2/4^6+l| = 4- 

Since C is extreme, we have 

\C\ > foxi&tyiMsdU > \C\ - 4 - 4 + 4, 

|C| > |£ a "^2/12/22/4 ^ L+iXii b+ i I > |C| - 4 - 4+4, 

implying that rfi+4 > 4 and efe+c^ > 4. Observing also that di > |j/32/22/4| = 2, 
we have 41 + 41 > X^i=i 4 > 10, contradicting Claim 2(1). A 

By Claim 2(4), \i : %\ > 3| < 4. Further, if |i : %\ > 3| = then by Lemma 
2, T(7i, ...,/ s ) = 0, implying that r < 1, a contradiction. So, 

1 < \i : > 3| < 4. 

Case 1.1. \i : |/;| > 3| = 4. 

Let 4| > 3 (i = a,b,f,g) and 41 = 2 for each i G {l,...,s}\{a,b,f,g}. By 
Claim 2(5), 41 = 3 (i = a,b,f,g). Assume w.l.o.g. that £ a , Cb, £/, £ 9 occur on 
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C in a consecutive order. By Lemma 2, T(7i, ...,I S ) C E(G). 
Claim 7. If T(I„, J» ^ then T(/ 6 , J fl ) = 0. 

Proof. Assume the contrary, that is T(I{,,I g ) 7^ 0. Let yiy 2 € Y(J a ,l/), 
where y\ £ V(I*) and y 2 £ V(IJ). Assume w.l.o.g. y\ = w 2 . By Claim 
1, 2/2 — W5. Analogously, there is an intermediate edge y 3 y^ between i£ and 
J*. Assume w.l.o.g. that y 3 = w 3 . By Claim 1, j/4 = w$. Further, we have 
N(w 7 ) n {£ fl +i,6,+i,6,£/} = (by Claim 3), N{w 7 ) n {w 4 , w 6 } = (by Claim 
4), AT(>7) n {wi, io 3 , w 5 } = (by Claim 1). If N(w 7 ) C V(C) then 

A(w 7 ) C ...,C s ,W 8 ,«'2}\{(a+l,6,0^9+l} J 

implying that \N(w 7 )\ <s — 1 = 5— 1, a contradiction. Now let N(w 7 ) % V(C), 
that is x 2 w 7 G £(G) for some x 2 £ V(G\C). Clearly, x 2 ^ #1, 7V(x 2 ) C V(C) 
and x 2 xs,x 2 S,g & E(G). Observing also that x 2 w 2 £ E(G) (by Lemma 2), we 
have 

N{w 7 ) C {£i,...,6,w 7 }\{£a+i,6,£/,£g}, 
a contradiction. A 

Claim 8. T(7 a ,7 / ) = T(/ 6 ,/ s ) =0. 

Proof. Assume the contrary, that is T(I a ,If) ^ 0. As in proof of Claim 7, 
assume w.l.o.g. that w 2 w§ £ E(G). Then we have N(w 7 ) D {w\,w 3 ,w§} = 
(by Claim 1), N(w 7 ) n {£ +i,£/} = (by Claim 3), w 7 w 6 E(G) (by Claim 
4) and w 7Wi E(G) (by Claim 7). If N{w 7 ) % V(C) then x 2 w 7 £ E(G) for 
some x 2 £ V(G\C). Clearly, x 2 ^ xi, N(x 2 ) C V(C) and x 2 x 8 , x 2 t; g £ E(G). 
Observing also that x 2 w 2 E{G) (by Lemma 2), we have 

N{x 2 ) C {&,..., 6,tl^}\{6, + i, 

contradicting the fact that |A^(a; 2 )| > 6 = s. Now let N(w 7 ) C V(C). Then 

N(w 7 ) C {Ci, •••,C SJ W 8 ,W 2 }\{Ca+l,C/}' 

implying that u> 7 u; 2 e E(G). But then N(w\) D {ui3,W5,io 7 } = (by Claim 
1), JV^) n {£„+!,£/,£„} = (by Claim 3), Wl » 6 (by Claim 4) and 

101,108 t E(G) (by Lemma 2). If AT(ioi) % V{C) then x 3 wi £ E(G) for some 
x 3 £ V(G\C). Clearly, x 3 ^ xi, N(x 3 ) C V(C) and x 3 w 2 ,x 3 £ a g 
Observing also that x 3 W4 ^ £(G) (by Lemma 2), we have 

N(x 3 ) C {&,... ,&,u;i}\{£„+i,£/,£ fl ,£„}, 
contradicting the fact that |A(x 3 )| > 5 = s. Now let AT(ioi) C V(C). Then 

iV(lOi) C {£1, ...,£ s , 102, 104}\{£a+1, 

implying that |AT(ioi)| < s — 1 = 5, a contradiction. A 
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Claim 9. T(I a ,I b ,I f ,I g )=fD. 

Proof. Assume the contrary, that is T(7 a , If, I g ) ^ 0. By Claim 8, either 
T(7 a ,7 6 )^0orT(7 6 ,7 / )^0orT(7 / ,7 s )^0orT(7 s ,7 a )^0. Assume w.l.o.g. 
that T(I a ,I g ) ^ 0. By Claim 1, either w 2 w 7 £ 75(G) or w lW& G E{G). 

Case a. w 2 w 7 £ E{G). 

We have wsw 2} wswa E{G) (by Claim 1), u> 8 £ a+ i, u> 8 £ g 75(G) (by Claim 
3), wsW3,wsW4 75(G) (by Claim 8) and wgWi ^ E(G) (by Lemma 2). If 
N(w s ) % V(C) then x 2 w 8 £ 75(G) for some x 2 £ F(G\G). Clearly, x 2 ^ x u 
N(x 2 ) C V(C) and x 2 ui 7 ,x 2 £ g+ i E(G). Observing also that x 2 w 5 ^ 75(G) 
(by Lemma 2), we have 

N(x 2 ) C {£l, W 8 }\{£a+l,£g,£g+l}, 

contradicting the fact that \N(x 2 )\ > d = s. Now let N(w$) C V(C). Then 
N{w&) C {£i,...,£ s ,w 5 , ^\{£a+i,£ g }, 

implying that ui 8 w 5 £ E(G). Then we have wiW3,wi«J7 g" -^(G) (by Claim 
1), ioi£ 0+ i,u;i£ g g" E(G) (by Claim 3), wiW) 5 ,w)iw 6 ^ -^(C) (by Claim 8) and 
wiw 8 ^ 75(G) (by Lemma 2). If N(w 1 ) % V(C) then x 3 wi £ 75(G) for some 
x 3 £ V(G\C). Clearly, x 3 ^ Xl , N(x 3 ) Q V(C) and x 3 w 2 ,x 3 £ a £ E(G). 
Observing also that x 3 w 4 $ E(G) (by Lemma 2), we have 

N(X 3 ) C {£l,...,£ s ,li;i}\{£a+l,£g,£a}, 

contradicting the fact that \N(x 2 )\ > 5 = s. Now let N(wi) C V(C). Then 

iV(lOi) C {£l,...,£ s ,W2,W 4 }\{£a+l,£g}, 

implying that W1W4 £ E(G). By a symmetric argument, u>6W3 £ E{G). But 
then 

^ a wiw 4 W3W 6 ctw 7 w 2 Zt^xi^ + i"G k W5u; 8 Zt^ a 
is longer than G, a contradiction. 

Case b. w\w% £ E(G). 

If T(7 , 7b, If,I g ) — {w\Ws} then G\{£i, £ s , wi} has at least s + 1 compo- 
nents, contradicting the fact that r > 1. Let T(7 a , 7;,, If,I g ) 7^ {u>iu> 8 }. If either 
£ 77(G) or W3U>6 £ 75(G) or w^ws £ 75(G) then we can argue as in Case a. 
Otherwise, by Claim 8, either w 2 w 3 £ E(G) or W4W5 £ 77(G) or wqw 7 £ E(G). 
Observing that w 2 w 3 , wqw 7 g' E{G) (by Claim 4), we have W4W5 £ E(G). Then 
we have w 2 wa E(G) (by Claim 1), w 2 £ Q , w 2 6+i, w 2 £/, w 2 £ 3+ i £ 75(G) (by 
Claim 3), w 2 w 3 75(G) (by Claim 4), w 2 w 5 ,w 2 w 6 £ 75(G) (by Claim 8) and 
w 2 w 7 ,w 2 w$ £■ 75(G) (by Lemma 2). If A(w 2 ) $2 V(C) then x 2 w 2 £ 75(G) for 
some x 2 £ V(G\C). Clearly, x 2 ^ x\, N(x 2 ) C V(C) and x 2 wi, x 2 £ a+ i ^ 75(G). 
Then 

N(x 2 ) C {£1, w 2 }\{£a,£a+i,&+i,£/,£ a +i}, 
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contradicting the fact that \N(x 2 )\ > 5 = s. Now let N(w 2 ) C V{C). Then 

N{W 2 ) C {£l,...,&,Wl}\{6,6>+l,£/,£ff+l}, 

a contradiction. 

Case 1.2. |i : |7 4 > 3| = 3. 

Let > 3 (i = a,b,f) and |/,| = 2 for each « G {1, ...,s}\{a,b, f}. By 
Claim 2(6), 9 < |7 a | + |7 6 | + \I f \ < 10. 

Case 1.2.1. |7 | + |J 6 | + (//I = 10. 

Assume w.l.o.g. that \I a \ = = 3 and |7/| = 4. Put 

By Lemma 2, T(7i, I s ) C 75(G). 
Case 1.2.1.1. T(7 O ,7 6 )^0. 

By Claim 1, either w 2 w 3 G 75(G) or G 75(G). 

Case 1.2.1.1.1. w 2 w 3 G 75(G). 

If T(7i,...,7 s ) = {W2W3} then G\{£i, £ s , ^2} has at lest s + 1 compo- 
nents, contradicting the fact that r > 1. Let T(7i,...,7 s ) 7^ {^2^3}. Further, 
if T(7/,7 a ) = T(If,Ib) = then by Claim 1, w 6 belongs to every edge in 
T(7i, I s )\{w 2 W3} connecting 7/ with some segment of length 2. By Claim 5, 
W5W7 g" E(G) and hence G\{£i, £, s ,wq, W3} has at least s + 2 components, a 
contradiction. Now let either T(7/,7 a ) ^ or T(I f ,I b ) ^ 0, say T(7/,7 6 ) 7^ 0. 
By Claim 1, either w 4 u> 6 G i5(G) or w 3 w 6 G 75(G) or w 3 u> 7 G 75(G). 

Case 1.2.1.1.1.1. w 4 w 6 G 75(G). 

We have g" 75(G) (by Claim 1), W5W4, w-jW\ 75(G) 

(by Claim 4), w§w 2 , w^w? g^ i5(G) (by Claim 5), u^Wi ^ 7?(G) (by Lemma 2). 
Then G\{£i, £ s , w 3 , wq} has at least s + 2 components, a contradiction. 

Case 1.2.1.1.1.2. w 3 w 7 G 75(G). 

We have W4W 2 ,W4W7 ^ E(G) (by Claim 1), w^f+i, w^a+i, W46 G? E(G) 
(Claim 3) and w^wi, W4W5, w^we g 1 75(G) (by Lemma 2). If N{wa) % V(C) 
then x 2 w 4 G 75(G) for some x 2 G V(G\C). Clearly, x 2 ^ x u N(x 2 ) C V(C) 
and x 2 W3,x 2 ^6+i ^ 75(G). Then 

^(^2) C {^, £ s , w 4 }\{£ a +i, 
a contradiction. Now let N(w4,) C V(C). Then 

N(w 4 ) C {Cl,-,6,W3}\{0 + l^a+l'6}, 

a contradiction. 
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Case 1.2.1.1.1.3. w 3 w 6 G E{G). 

We have W1W3, wiw^, W3W5, W4W7 E(G) (by Claim 1), wiwj E{G) 
(Claim 4), ^ E(G) (otherwise we can argue as in Case 1.2.1.1.1.2), w 5 w 7 £ 

E(G) (Claim 5) and W1W4, W4W5 £ E(G) (by Lemma2). So, G\{£i, £ s , W2, We} 
has at least s + 2 components, a contradiction. 

Case 1.2.1.1.2. Wl w 4 G E(G). 

We have W3ivi,W3W5 E(G) (by Claim 1), w 3 w 2 ^ E(G) (by Lemma 2) 
and W3^a, W36+1 ^ E(G) (by Claim 3). Assume first that N(w 3 ) % V(C), that 
is x 2 w 3 G £(G) for some x 2 G F(G\G). Clearly, x 2 + x u N{x 2 ) C F(G) and 
a;2W4,X2^6 G - E(G). Observing also that X2Wq,X2W 7 G" E(G) (by Lemma 2), we 
have 

N(x 2 ) C {a,-,6,^ 3 }\Ua,6+i}, 
a contradiction. Now let A^(w 3 ) C F(G). If iV(w 3 ) n {w 6 ,w 7 } = then 

W(tu 3 ) C Ui,...,^,w 4 }\fc,6+i}, 

a contradiction. Hence N(w 3 ) n {u^^y} 7^ 0. By a symmetric argument, 
N(w2) (~l {w5,wq} ^ 0. We have three main subcases, namely either W2W5, 
W3W7 G E(G) or W2W6, G -E(G) or W2U>6,u>3U>7 G E(G). 

Case 1.2.1.1.2.1. w 2 w 5 ,w 3 w 7 G £(G). 
If u> 2 W6 S £(G) then 

is longer than G, a contradiction. Hence, W2"Wq g' E(G). By a symmetric 
argument, W3W6 E(G). We have W6Wi,wgW4 ^ E(G) (by Lemma 2). If 
w e £ a +i S £(G) then 

Caa;i6+l^W5U;2WlW4^^ a+ iW 6 Zt^ a 

is longer than G, a contradiction. Let u>6£a+i ^ E(G). By a symmetric argu- 
ment, w e £ b .E(G). Further, if w 6 ^ a G £?(G) then 

^ a W 6 W 5 W2WlW4^0' X l^+l^W3W 7 Zt^ a 

is longer than G, a contradiction. Hence, WQ^ a ^ E(G). By a symmetric 
argument, w^b+i ^ E(G). Assume that N{wq) <2 V(C), that is x 2 W6 G ^(G) 
for some x 2 G V(G\C). Clearly, X2 ^ x\, N(x 2 ) C V(G) and x 2 u>5,x 2 W7 ^ 
£(G). Then we have 

^(^2) C ...,£ s ,W 6 }\{£a,£a+l,6,6+l} ; 

a contradiction. Now let N(wq) G F(G). Then 
N(w 6 ) C {Zi,...,£ s ,w 5 ,w 7 }\{t; a , 
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a contradiction. 



Case 1.2.1.1.2.2. w 2 w 6 ,w 3 w 6 £ E(G). 

By Claim 5, W5W7 ^ E(G). If w 2 w 3 £ E(G) then we can argue as in Case 
1.2.1.1.1. Let w 2 w 3 E{G). Next, if w 2 w$ £ E{G) then we can argue as in 
Case 1.2.1.1.2.1. Let w 2 w 5 g E(G). We have also w 2 w?,w 3 w 5 £ E(G) (by 
Claim 1), W3UI7 g E(G) (as in Case 1.2.1.1.2.1). Then G\{£i, £ s , W4, w 6 } has 
at least s + 2 components, contradicting the fact that r > 1. 

Case 1.2.1.1.2.3. w 2 w 6 ,w 3 w 7 £ E{G). 

We have w^,wi,w^w 3 -E(G) (by Claim 1), w 5 w 2 ^ 7?(G) (as in Case 
1.2.1.1.2.1), w 5 &,w 5 Z f+ i g E(G) (by Claim 3), w 5 w 4 £ E(G) (by Lemma 2), 
w 5 w 7 g E{G) (as in Case 1.2.1.1.2.2). Assume that N(w 5 ) % V(C), that is 
x 2 w 5 £ E(G) for some x 2 £ V(G\C). Clearly, x 2 ^ x\, N(x 2 ) C T/(C) and 
x 2 WQ,x 2 £_f £ E{G). Then we have 

N(x 2 ) C {£i,...,£ s ,w 5 ,w 7 }\{£ /+ i, 

a contradiction. Now let N(w 5 ) C V(C). Then 

iVK) C {&,..., &,«;6}\{£/+i,&}, 

a contradiction. 

Case 1.2.1.2. T(I a ,I b ) = 0. 

It follows that wq belongs to all edges in T(7i, 7 S ), implying that r < 1, 
a contradiction. 

Case 1.2.2. \I a \ + \I b \ + \I f \ = 9. 

It follows that \I a \ = \h\ = \If\ = 3. Put 

la = ^aWlW 2 ^a+l, h = (,bW 3 W 4 £ b+1 , If = £fW 5 W 6 (,f +1 . 

By Lemma 2, T(7i,...,7 s ) = T(I a , I b , If). Assume w.l.o.g. that T(I a7 I b ) ^ 
and w 2 w 3 £ E(G). We have wiw 6 ,W4W5 ^ E(G) (Claim 4). If T(7i, ...,7 S ) = 
T(I a ,I b ) then clearly t < 1, a contradiction. Otherwise, assume w.l.o.g. that 
w 2 w$ £ E(G). Hence, u>i£ a+ i, u>i£&, u>i£/ $ E(G) (by Claim 3) and W1W4, 
W1W5, wiWq £ E(G). Assume that JV(mji) % V(C), that is x 2 w\ £ E{G) for 
some x 2 £ V(G\C). Clearly, x 2 ^ x x , N(x 2 ) C V(C) and x 2 w 2 ,x 2 £ a g E{G). 
Then we have 

N(x 2 ) C {£l,...,£ s ,W 4 }\{£a,£a+l, 

a contradiction. Now let N(wi) C V{C). Then 

N(wi) C {6,-,6,^2}\Ua+l,6,C/}, 

a contradiction. 
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Case 1.3. \i : |7;| > 3| = 2. 

Let \Ii\ > 3 (i = a,b) and |7j| = 2 for each i e {1, s}\{a, b}. By Claim 
2(2),6<|/„| + |J 6 |<8. 

Case 1.3.1. \I a \ + |7 6 | = 8. 
Case 1.3.1.1. \I a \ = 3, |7 6 | = 5. 

Put I a = (, a WlW 2 (,a+l and I b = £ b W 3 W4W 5 W 6 £ b+ l. 

Case 1.3.1.1.1. T(/i, 7 S ) = T(/„, I b ). 

If there is a vertex belonging to all edges in T(I a ,I b ) then clearly r < 
1, a contradiction. Otherwise u>ij/i, u>22/2 S E(G) for some distinct 2/1,2/2 € 
{t«3, u>4, u>5, we}- By Claim 4, 2/1,2/2 are not consequent vertices on G and 
{2/1,2/2} 7^ {w3,w e }. Then we can assume w.l.o.g. that w 2 W3,wiw 5 e E(G). If 
W4W6 £ -S(G) then 

£ a Xl£a+l~C'w 3 W2W 1 W 5 W4W 6 'C'(; a 

is longer than C, a contradiction. Let u^u^ ^ E(G). Then G\{£i, £ s , w 3 , w 5 } 
has at least s + 2 components, a contradiction. 

Case 1.3.1.1.2. T(/i, 7 S ) + T(/„, 7 6 ). 

Choose a segment 7/ = £/W7£/+i such that W72/ S £7(G) for some 2/ £ 
V(7*) U V(Jl). By Lemma 2, y e ^(7 b *). Assume w.l.o.g. that £ a ,&,£/ occur 
on C in this order. By Claim 1, either y = W4 or y = w 5 . 

Case 1.3.1.1.2.1. y = w 4 . 

Let g G {1, s}\{o, 6}. Clearly |7 fl | = 2. Put 7 g = £, g w s £_ g+1 . By Claim 
4, W7W5,w 8 w 5 g" E(G), i.e. N(wg) D {w^, W4, u>5, Wq} C {W4}. Further, we 
have N(wz) n {^3,^5} = (by Claim 4) and wiu> 5 ^ 75(G) (by claim 5). If 
W3W5 6 75(G) then 

Ca^6 a; lC/^W5W3W4W7G'Ca 

is longer than G. Let w 3 w 5 E(G). So, G\{£i, £ s , u> 4 , io 6 } has at least s + 2 
components, a contradiction. 

Case 1.3.1.1.2.2. 2/ = w 5 . 

By Claim 5, w^wq, w^wq E(G). In addition, we have iuiu>3, u>2U>6 ^ ^(G) 
(by Claim 1), W2W4 £ E(G) (by Claim 4) and wiw & £ E(G) (by Claim 5). 
If W1W4 ^ E(G) then G\{£i, £ s , W3, W5} has at least s + 2 components, a 
contradiction. Now let W1W4 6 75(G), implying that W1W3 ^ E(G) (by Claim 
1) and W2W3 ^ E(G) (by Claim 4). But then G\{£i, £ s , W4, w^} has at least 
s + 2 components, again a contradiction. 

Case 1.3.1.2. |7 Q | = |7 6 | = 4. 

Put I a = (, a wiw 2 w 3 £ a+1 and I b = £ b W4W 5 w 6 £ b+1 . 

Case 1.3.1.2.1. T(7i, 7 S ) ^ T(/„, I b ). 
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Assume w.l.o.g. that T(I a ,If) ^ for some / G {1, s}\{a, b}, and 
£a,£b,£/ occur on G in this order. Put If = £/W7£/+i. By Claim 1, w 7 w 2 G 
E{G) and by Claim 5, w\Wz E(G). Observing also that wxw^.w^wq g" E{G) 
(by Claim 1), W3W4 g" E(G) (by Claim 4) and wiWq E(G) (by Claim 5), we 
conclude that G\{£i, £ s , w 2l w$} has at least s + 2 components, a contradic- 
tion. 

Case 1.3.1.2.2. T(7 1; 7 S ) = T(/„, I b ). 

If there is a vertex belonging to all edges in Y(7i, ...,7 S ) then r < 1, a con- 
tradiction. Otherwise, by Claim 4, either wsW4,w 2 w 5 G E(G) or w 3 w 5 , w 2 W6 G 
-E(G) or w^wa^wiWq G 7?(G) or ?«3W5,W2W4 G E(G). 

Case 1.3.1.2.2.1. u; 3 W4,w 2 W5 G £(G). 
If W1W3 G 75(G) then 

is longer than G, a contradiction. Let wiro 3 ^ E{G). Next, if wiw 6 G -^(G) 
then 

£aXl£btjw 3 W4W 5 W 2 W 1 W 6 t?(, a 

is longer than G, a contradiction. Letwiw^ E(G). Observe that W1W4 E{G) 
(by Claim 1), wi^ + i,idi^ ^ E(G) (by Claim 3) and wiw 5 ^ E(G) (Claim 
4). Moreover, if / E {1, s}\{o, 6} and If = £fw 7 £f + i then by Claim 1, 
w lW7 & E(G). So, N( Wl ) C Ui,...,6,W2}\{& + i,6}- If ^ 6 then 

|A^(wi)| < s — 1 = 5 — 1, a contradiction. Let £ a+i = Since s > 3, we have 
Cb+i 7*= 6a- Further, we have w 7 Wi, w 7 w 3 ^ E(G) (by Claim 1), w 7 £ a +i & E(G) 
(by Claim 3) and w 7 w 2 £ E(G) (by Claim 4). Hence, if N(w 7 ) C V(C) then 
N(w 7 ) C {£1, Cs}\{^a+i}, a contradiction. Analogous arguments can be used 
when N(w 7 ) % V(C). 

Case 1.3.1.2.2.2. w 3 w 5 ,w 2 w 6 G 75(G). 

By Claim 5, If W1W3 ^ E(G). By a symmetric argument, w^wq £ E{G). We 
have also wito 4 , W3W6 ^ -^(G) (by Claim 1) and u>iw 6 , W3W4 ^ E(G) (by Claim 
4). So, G\{£i, £, s ,w 2 , W5} has at least s + 3 components, a contradiction. 

Case 1.3.1.2.2.3. w 3 w 4 ,wiW6 G 75(G). 

If £ a = and £, a +i = £b then clearly s = 2, a contradiction. Assume 
w.l.o.g. that £ a 7^ Choose / G {1, s}\{a, b} such that £a,£b,£/ 

occur on G in this order. Clearly, |7/ = 2. Put 7/ = 6/W76/+1. Then 
W7W1, W7W3, W7W4, W7W6 2" -E'(G) (Claim 1), W7f a+ i,W7^ g" ^(G) (by Claim 
3) and w 7 w 2 ,w 7 w 5 £ 75(G) (by Claim 5). If N(w 7 ) C V(G) then 7V(w 7 ) C 
{£1, Cs}\{Ca+i, a contradiction. Similar arguments can be used when 
N(w 7 ) % V{C). 

Case 1.3.1.2.2.4. w 3 w 5 ,w 2 W4 G E{G). 
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By Claim 5, W1W3 ^ E(G). By a similar argument, w^wq £ E{G). Observing 
also that wiW4,w 3 w 6 ^ E(G) (by Claim 1) and wiWq E(G) (by Claim 4), 
we conclude that if w 3 w 4 ^ E(G) then G\{£i, £ s , W2, W5} has at least s + 3 
components, a contradiction. Now let W3W4 G E(G). Then wi^ a +i,wi^b & 
E(G) (by Claim 3), w lW ± £ E(G) (by Claim 1), Wl w 5 , Wl w 6 £ E(G) (by Claim 
4). Assume that N( Wl ) % V(C), that is x 2 w 1 e E(G) for some x 2 G V{G\C). 
Clearly, x 2 ^ x\, N(x 2 ) C V(G) and x 2 w 2 ,x 2 £ a £ E{G). Then we have 

N{x 2 ) C ...,^,wi}\{£ a ,£a+i,&>}, 
a contradiction. Now let N(wi) C F(G). Then 

iV(wi) C {&,..., &,itf2}\{f„+i,&} ) 

implying that £ a+ i = Since s > 3, we have £ a ^ Put J a _i = Ca-iw 7 ^ a . 

We have W7W4, u>7U>6 ^ ^(G) (by Claim 1), W7^ a +i ^ -E(G) (by Claim 

3) and w 7 w 2 ,w 7 w 5 £ E(G) (by Claim 4). If N(w 7 ) C V(G) then N(w 7 ) C 
{£1, Cs}\{Ca+i}, a contradiction. Analogous arguments can be used when 
N(w 7 ) % V(C). 

Case 1.3.2. \I a \ + \I b \ = 7. 

Assume w.l.o.g. that |7 a | =3 and \Ib\ = 4. Put I a = £^1^261+1 and 
h = Cb^su^u^b+i. If T(/ a , /;,) = then W4 belongs to all edges in T(7i, I s ), 
implying that r < 1, a contradiction. Let T(I a ,Ib) ^ and yz 6 E(G), where 
y e V(I*) and z 6 V(I^). Assume w.l.o.g. that y = w 2 . By Claim 1, z 7^ w; 5 , 
implying that either z = W3 or z — W4. 

Case 1.3.2.1. z = w 3 . 

We have wi£a+i, ^ #(G) (by Claim 3), wiw 3 g E(G) (by Claim 1) 
and wiW4,wiW5 ^ E(G) (by Claim 4). Assume that N(w\) % V(C), that is 
x 2 wi £ E(G) for some x 2 e V(G\C). Clearly, x 2 ^ x 1} N(x 2 ) C T/(G) and 
x 2 w 2 ,x 2 £ a £ E(G). Then we have 

N{X 2 ) C Ul,...,£ s ,Wl}\{£a,£a+l,6}, 

a contradiction. Now let AT(iui) C V(C). Then 

A^(wi) C {&,..., &,Uto}\{f„+i,&}, 

implying that £ a+ i = £ 6 . Since s > 3, we have £ a ^ Put J a _i = £ a -iw> 6 £ a . 

We have u^i, wqw 2 , wqw^, WQW5 $ E(G) (by Claim 1) and w^a+i & E(G) (by 
Claim 3). If N(w 6 ) C F(G) the iV(w 6 ) C {£1, £ s }\{£ 0+ i}, a contradiction. 
Analogous arguments can be used when N(w 6 ) % V(C). 

Case 1.3.2.2. z = w A . 

By Claim 5, W3W5 E{G). Further, we have w\W3,w 2 w^ E(G) (by Claim 
1), wiw 5 £ E(G) (by Claim 4) and w 2 w 3 £ E(G) (otherwise we can argue as 
in Case 1.3.2.1). Then G\{£i, £ s , W4} has at least s + 2 components, that is 
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t < 1, a contradiction. 



Case 1.3.3. |7 | + |7 6 | = 6. 

Clearly \I a \ = \I b \ = 3. Put I a = £ a wiw 2 £, a +i and I b = £bW3W4%b+i- Assume 
w.l.o.g. that W2W3 £ E{G). We have iOi£ a+ i, Wi£(, £ E(G) (by Claim 3), 
W1W3 ^ 77(G) (by Claim 1), wiwj 4 ^ 77(G) (by Lemma 2). Assume that N{w\) % 
V(C), that is x 2 w 1 £ 77(G) for some x 2 £ V(G\C). Clearly, x 2 ^ x 1: N{x 2 ) C 
V(C) and x 2 w 2 ,x 2 ^ a ^ E{G). Then we have 

A(x 2 ) C {£l,...,£ s ,t0l}\{£ o ,£a+l,&}, 

a contradiction. Now let AT(ioi) C V{C). Then 
A(wi) C {&,..., 

implying that £ a+ i = Since s > 3, we have £ Q ^ £ 6+ i. Put 7 _i = £, a -iw 5 (, a . 
We have W5W1, W5W2, W5W3, W5W4 ^ 77(G) (by Claim 1), W5^ a+ i ^ 77(G) (by 
Claim 3). If N(w 5 ) C V(C) then iV(w 5 ) C {£1, £ s }\{£a+i}, a contradiction. 
Analogous arguments can be used when N(w 5 ) % V(C). 

Case 1.4. |i : |7 4 > 3| = 1. 

Let |7i| > 3 and \I,\ = 2 (i = 2,3,..., s). Clearly 3 < |7i| < 6. 
Case 1.4.1. |7i| = 6. 

Put II = ^lWlW2W3W4W5^2- 

Case 1.4.1.1. T(7i,...,7 s ) = T(7i,7 a ) for some a £ {2,...,s}. 

Clearly |7 a = 2. Put I a = £ w 6 £ a +i- We have w 6 w 1 ,w 6 w 5 £ E(G) (by 
Claim 1), wew 2 ,weW4 £ 77(G) (by Claim 4) and w\w^, W3W5, W1W5 ^ 77(G) (by 
Claim 5). Hence G\{£i, £ s , w 2 , 11)4} has at least s + 3 components, that is 
t < 1, a contradiction. 

Case 1.4.1.2. T(7i,...,7 s ) ^ T(7i,7 4 ) for each i G {2,...,s}. 

It follows that T(7i,7 ) ^ and T(7i,7(,) 7^ for some distinct a 7 b £ 
{2, ...,s}. Assume w.l.o.g. that £i,£ a ,£& occur on C in this order. Put 7 a = 
CaM^a+i and I b = ^6^76+1- Let j/itoe, 2/2W7 £ 77(G), where j/i, 2/2 G V(7*). By 
Claim 3, {2/1,1/2} n {wi,!K 5 } = 0- Further, by Claim 4, 2/1 ^ and 2/2 ^ 2/i~- 
So, {2/1,1/2} = {102,104}. By Claim 5, 101103, W3W5, W1W5 $ 77(G). This means 
that G\{£i, £, S ,W2, W4} has at least s + 3 components, contradicting the fact 
that r > 1. 

Case 1.4.2. |7i| = 5. 

Put 7 X = ^lWiW 2 W 3 W4^ 2 . 

Case 1.4.2.1. T(7i,...,7 s ) = T(7i,7 ) for some a £ {2,...,s}. 
Clearly |7 = 2. Put 7 a = £ o i0 5 £ o+ i. By Claim 3, w 5 Wi,w 4 E(G). As- 
sume w.l.o.g. that W5iu 2 £ E(G). But then, by Claim 4, W5W3 E(G), that 
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is T(7i,...,7 s ) = {W5W2}. So, G\{£i,...,£ s ,u)2} has at least s + 1 components, 
contradicting the fact that r > 1. 

Case 1.4.2.2. T(I U ...,I S ) + 1 T(7i,7 i ) for each i G {2, ...,«}. 

It follows that T(7i,7 ) + 1 and Y(7l,7(,) 7^ for some distinct a, b G 
{2,...,s}. Assume w.l.o.g. that £i,£ a >£b occur on C in this order. Put I a — 
CaW 5 Ca+i and I b = £bw 6 6>+i- Let yiw 5 ,y 2 w 6 G £(G), where yi,y 2 G V(/*)- By 
Claim 3, {yi, y 2 } H {wi, W4} — 0. Further, by Claim 4, {2/1,2/2} 7^ {^2,1^3}, that 
is either {2/1,2/2} = {w 2 } or {2/1,2/2} = {^3}, say {2/1,2/2} = {w 2 }- This means 
that u>2 belongs to all edges in T(7i, ...,7 S ), implying that G\{£i, ...,£ s ,w 2 } has 
at least s + 1 components, contradicting the fact that r > 1. 

Case 1.4.3. |7i| = 4. 

Put 7i = £,iWiW2Wzt;2- It is not hard to see that w 2 belongs to all edges 
in T(7i, ...,7 S ), implying that G\{£i, ...,£ s ,w 2 } has at least s + 1 components, 
contradicting the fact that r > 1. 

Case 1.4.4. |7i| = 3. 

By Lemma 2, T(I\, ...,I S ) = 0, implying that r < 1, a contradiction. 
Case 2. p= 1. 

Since <5 > k > 3, we have \N c (xi)\ >5-p=5-l>2 (i = 1,2). 

Case 2.1. N c (xi) + 1 N c {x 2 ). 

It follows that max{(Ti,(72} > 1, where 

en = \N c {x 1 )\N c (x 2 )\, <r 2 = \N c {x 2 )\N c {xi)\. 

If max{(Ti, (T2 } > 3 then by Lemma 1, c > 3<5 + 2 > 2<5 + 5, contradicting (1). If 
max{<7i, a 2 } — 2 then clearly s > 5+1 and it is easy to see that there are at least 
5 elementary segments on G of length at least 3. But then c > 2 + 3(5 > 25 + 5, 
contradicting (1). Finally, let m&x{ai,(T 2 } = 1. This implies s > 5 and |7j| > 3 
(i = 1, s). If s > (5 + 1 then c > 3s > 35 + 3 > 25 + 5, again contradicting 
(1). Let s = 5, that is |7;| = 3 (i = l,...,s). By Lemma 2, T(7i,...,7 s ) = 0, 
contradicting the fact that r > 1. 

Case 2.2. N c {xi) = N c {x 2 ). 

Clearly, s = |7V c (a;i)| ><5-p = <5-l. If s > 6 + 1 then c > 3s > 35 + 3 > 
25 + 5, contradicting (1). Next suppose that s = 5. If T(7i, ...,7 S ) = then 
G\{£i, ...,£ s } has at least s + 1 components, contradicting the fact that r > 1. 
Otherwise T(7 a ,7f>) 7^ for some distinct a, b G {l,...,s}. By definition, there 
is an intermediate path L between I a and I b . By Lemma 2, 

141 + 141 >2p+2|7|+4>8, 

implying that c > 8 + 3(s — 2) = 3(5 + 2 > 2<5 + 5, contradicting (1). So, s = 5 — 1. 
If s = 2 then G\{£i, £2} is disconnected, contradicting the fact that n > 3. Thus 
s > 3, implying that 5 > 4. 
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The next claim can be derived from (1) and Lemma 2 easily. 

Claim 10. (1) |7j| + \Ij \ < 9 for each distinct i, j G {1, ...,s}. 

(2) If |7 | + |7 b | = 9 for some distinct a, b G {1, ...,s} then |7j| = 3 for each 
* G {l,...,a}\{o,6}. 

(3) If |7 | =6 for some a G {1, s} then |7j| =3 for each i G {1, s}\{a}. 

(4) There are at most three segments of length at least 4. 

(5) If |/ a | > 4, |4| > 4, |7/| > 4 for some distinct a,b, f G {l,2,...,s} then 
|7 a | = |7 b | = |7 / |=4. 

The following three claims are the exact analogs of Claims 3,4,5 for p = 1 
and can be proved by a similar way. 

Claim 11. Let £ a ,£b,£f be distinct elements of X, occuring on ~C in 

a consecutive order. If e E(G) then w£ a ,w£ b g' 75(G) for each io G 

{#,# + ,$",$ \- If either G or G then < a ,< b £ 
75(G) for each to G 

Claim 12. Let a, & G {l,...,s}. If £+™ G for some to G V 

then ^ 75(G) for each y G u> ++ , } and £ b ~~y ^ -^(G) for each 

y G {u> + , w~ } . 

Claim 13. Let a,k {l,...,s}. If £+w G 75(G) for some to G V% + G^ a ) 
then #w+,§>++,$-+iu+ £ 75(G). 

Claim 14. Let £a,£6,£/,£g be distinct elements of X, occuring on ~C in a 
consecutive order. If G S(G) then £ 75(G). 

Proof. If G 75(G) then 

is longer than G, a contradiction. Hence £,^£,^ & 75(G). Similarly, C^" 1- ^, 
^Cg" £ Claim 14 is proved. A 

Case 2.2.1. | i :| 7; |> 4 |= 3. 

Let |7j| > 4 for some a, 6, / G {1, s} and |7j| =3 for each 

i G {l,...,s}\{a,&,/}. 
By Claim 10(5), = |7 b | = |7/| = 4. Put 

7 a = £,aW 1 W 2 W 3 £ a+1 , I h = ^bW4W 5 W 6 ^b+l, If = £,fW 7 W$W 9 £f +1 . 

Assume w.l.o.g. that £a,£b,£/ occur on C in this order. By Lemma 2, 

T(7 1 ,...,7 s ) = T(7 a ,7 b ,7 / ), 
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|T(/ ,/ 6 )|<l, \T(I a ,I f )\<l, \?(I b ,I f )\<l, 

implying that |T(7 Q , I b , If)\ < 3. If Y(7 a ,7f,,7/) < 1 then clearly r < 1, 
a contradiction. Let \Y(I a , It, If)\ > 2. Assume w.l.o.g. that T(I a ,Ib) ^ 
and T(I a ,If) ^ 0. By Claim 1, either u; 3 u> 4 e E(G) or w 2 w 5 G 7?(G) or 
wiw e e E(G). 

Case 2.2.1.1. w 3 w 4 £ £(G). 

By Claim 12, wiWg, w 2 Ws ^ E(G) (due to u> 3 w 4 G E(G)), implying that 
w 3 w 7 G £(G). If T(7i,...,7 s ) = {w 3 W4,iD3W7} then G\{£i, £ s , w 3 } has at 
least s + 1 components, contradicting the fact that r > 1. Let T(I b ,If) 7^ 0. 
By Claim 12, w 6 W7,w 5 w 8 ^ 7?(G) (due to u> 3 w 4 ), implying that w 4 ui g G 7?(G) 
which contradicts Claim 14 due to w^w-j . 

Case 2.2.1.2. w 2 w 5 G £(G). 

If G 7^(G) then we can argue as in Case 2.2.1.1. Let WiWg E(G). 

We have also w^wj $ E(G) (by Claim 13). Then, by Claim 1, w 2 w s G E(G). 
Next, by Claim 13, u>iw 3 ^ E(G). Analogously, w 4 w 6 ,W7W 9 ^ E(G). If 
T(7i,...,7 s ) = {u> 2 w 5 , u> 2 w 8 } then G\{£i, £ s , w 2 , w 5 , w 8 } has at least s + 4 
components, contradicting the fact that r > 1. If |T(7i, 7 S )| = 3 then due 
to above observations, w 5 w% G i?(G) and again G\{£i, £ s , w 2 , W5, w$} has at 
least s + 4 components, a contradiction. 

Case 2.2.1.3. wiw 6 G E(G). 

If either wiwg G i?(G) or w 2 u>s G E(G) then we can argue as in Cases 
2.2.1.1-2.2.1.2. Otherwise, by Lemma 1, w$wi G E(G) which contradicts Claim 
14 due to wiwa G E(G). 

Case 2.2.2. | i :| 7; |> 4 |= 2. 

Let |7,| > 4 for some a, 6 G {1, s} and |7,| — 3 for each i G {1, s}\{a, b}. 
By Claim 10(1), 8 < \I a \ + \I b \ < 9. 

Case 2.2.2.1. |7 Q | + |7 b | = 8. 

It follows that |7 a | = |7b| = 4. By Lemma 2, T(7i,...,7 s ) = Y(7 a ,7f,) and 
|T(7 a ,7f,) = 1, implying that r < 1, a contradiction. 

Case 2.2.2.2. \I a \ + \I b \ = 9. 

Assume w.l.o.g. that |7 a | = 4 and \I b \ = 5. Put I a = ^aWiw^s^a+i 
and I b = S,bW4W5WeWT^b+i- If T(7i, 7 S ) = T(7 a ,7b) then by Lemma 2, 
|T(7 a ,7t,)| < 2 and the edges in T(I a ,I b ) have a common vertex. This means 
that t < 1, a contradiction. Let T(7i,...,7 s ) 7^ T(7 a ,7 6 ). It follows that 
T(7 6 ,7 / ) 7^ for some / G {1, s}\{o, 6} and |7/| = 3. Put I f = £ f w 8 w 9 £ f+1 . 

Claim 15. The edges in T(7i, I s )\T(I a , lb) have a common vertex. 
Proof. By Lemma 2, |T(7 6 ,7 / )| = 1. If T(I U 7 S )\T(7 , 7 6 ) - T(I b ,I f ) 
then we are done. Otherwise T(Ib,I g ) ^ for some g G {1, s}\{a,b, f}. 
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Put Ig = £s M, ioU'ii£g+i- Assume w.l.o.g. that £ s occur on C in this or- 

der. Let y lZl G T(7 6 ,7/) with Vl G V(I£), z x G V(/;) and y 2 z 2 e T(7 6 ,7 S ) 
with y 2 G V(I£), z 2 G V(I*). By Claim 1, y 1 z 1 G {w 6 w 8 , w 5 w 9 } and 2/2Z2 G 
{iusWh, ^6^10}- If 2/i z i = W6tt>8 then by Claim 12, 2/2Z2 7^ W5W11. Then 
y 2 z 2 = and we are done. If y\Z\ — W5W9 then by Claim 5, y 2 z 2 7^ u^^io, 

implying that 2/2 Z2 = i»5Wii and again we are done. Claim 15 is proved. A 

If Y(7 ,7j,) = then by Claim 15, there is a vertex v which is incident 
to all edges in Y(7i, 7 S ), implying that G\{£i, £ s , v} has at least s + 1 
components, contradicting the fact that r > 1. Let T(I a ,I ) ^ 0. Let y\Z\ G 
T(7 a ,7 b ) with 2/1 G V(I*), Zl G V(P b ) and 2/ 2 z 2 G T(7 b ,7 / ) with 2/2 € F(7*), 
z 2 G H 7 / )■ By Claim 1, 

J/1 Zl G {W1W) 6 , WxW 7 , W 2 W 5 ,W 2 W 6 , W3W4, W3W5}, 2/2^2 G {w 6 w 8 , w 5 w 9 }. 

Assume first that y 2 z 2 — wqWs- By Claim 12, y\Z\ £ {1V3W4, W3W5, w 2 W5}. 
Next, by Claim 13, 2/121 ^ w\w 7 . Hence, y\Z\ G {w\wq, w 2 wq}, implying that 
G\{£i, £ s , wq} has at least s + 1 components, contradicting the fact that 
r > 1. Now let y 2 z 2 = W5W9. By Claim 12, y\Z\ ^ W3W4. Further, by Claim 13, 
2/i zi £ {wiw 6 ,w 2 W6} and by Claim 14, 2/1 z\ ^ Wiw 7 . So, 2/1 z\ G {w 2 W5, w 3 w 5 }, 
implying that G\{£i, £ s , W5} has at least s + 1 components, contradicting the 
fact that r > 1. 

Case 2.2.3. |i : |7 4 | > 4| = 1. 

Let |7i| > 4 and |7;| = 3 (i = 2,3,...,s). If |7i| = 4 then by Lemma 2, 
T(7i,...,7 s ) = 0, implying that r < 1, a contradiction. Then by Claim 10(1), 
5 < |7i I < 6. If T(7i, 7s) = T(7i, I a ) for some a G {2, s} then by Lemma 
2, there is a vertex which is incident to all vertices in T(7i, 7 S ), implying that 
t < 1, a contradiction. Otherwise T(7i,7 a ) ^ and T(7i,7(,) ^ for some 
distinct a,b G {2,...,s}. Clearly, 7 = |7f,| = 3. Assume w..o.g. that £i,£ a >£& 
occur on C in this order. Let j/izi G T(7i,7 a ) and 2/2^2 G T(7i,7fe), where 
2/1,2/2 G^)- 

Case 2.2.3.1. |7 X | = 6. 

Put 

7l = £lWiW 2 W3W±W 5 &, I a = £aW6W7£ a +l, h = tibW$W 9 £ b+ i. 

Claim 16. Either 2/1 = 2/2 ° r Vi z i — w 2W 7l y 2 z 2 = w 4 w 8 . 
Proof. By Claim 1, 

2/i zi G {w 3 w 6 , W4,w 6 , w 2 w 7 , w 3 w 7 }, y 2 z 2 G {w^wg, w 3 w 9 , W3W8, u^wg}- 

By Claim 12, if zi — wq and Z2 = wq then 2/1 =2/2 =103. By the same reason, 
if either zi = W7,Z2 = wg or z\ = wq,z 2 = w$ then again 2/1 = y 2 - Thus, we 
have 2/1Z1 = w 2 w 7 , y 2 z 2 — W4W 8 . Claim 16 is proved. A 



23 



By Claim 16, either there is a vertex which is incident to all edges in 
T(7i, 7 S ), implying that r < 1, a contradiction, or w 2 and W4 belong to all 
edges in T(7i, 7 S ). Wehavewiw 5 ^ E(G) by Claim 13. Next, iiwiw 3 G E(G) 
then 

£lXi€bC€a+lX2€lCw7W2WiW3W4W8C€l 

is longer than C, a contradiction. Let W1W3 £ E(G). Analogously, 103105 ^ 
E{G). So, {wi,w 3 ,w 5 } is an independent set of vertices and hence 

G\{£i, ...,^,102, w 4 } 
has at least s + 3 components, contradicting the fact that r > 1. 

Case 2.2.3.2. |7i| = 5. 

Put 7i = Ci w iW2W3W 4 6, 7 a = £ a w 5 w 6 £, a +i and 7 6 = ^ b w 7 w 8 ^b+i- By Claim 
1, yizi G {w 3 w)5,M) 2 W6} and y 2 z 2 G {w 2 i"8, w 3 w 7 }. Then by Claim 12, yi = j/ 2 , 
that is there is a vertex which is incident to all edges in T(7i, 7 S ), implying 
that t < 1, a contradiction. 

Case 3. p > 2. 

Claim 17. Let x\£ a , x 2 (,a+i G P(G) for some a G {1, s} and let = y(^z 
be a path with 

y G V(P), z G V(I* a ), V(Q) n V(P U C) = {y, z). 

Then \I a \ > p + 4. If a^a^ G P(G) and y ^ {x 1 ,x 2 } then |7 Q | > p + 6. 
Proof. Since C is extreme, we have 

\^z\ > \t a x{$y~C$z\ > \x{$y\ + 2, 
\z^ a +i\ > \z%y?x 2 £a+i\ > \yT*x 2 \ + 2, 

implying that 

|7 a | = \£ a dz\ + \z'&( a+1 \ > \x 1 F S y\ + \yT*x 2 \+4 = p + 4. 
Now let Xl x 2 G E(G). Then 

\Zadz\ > \ZaXix 2 < Py~$z\ > \y^x 2 \ +3, 

o+l I > l z ^?J/ P^l^Ca+l > |^l^J/|+3, 

implying that 

|7 a | = iCa^l + lz^a+il > |a; 1 7 i y| + |y^.T 2 |+6=p + 6. 
Claim 17 is proved. A 
Case 3.1. p < 8 - 3. 
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It follows that \N c (xi)\ > 5 - p > 3 (i = 1, 2). If Nc{xx) + 1 N c {x 2 ) then by 
Lemma 1, \C\ > 4(5 — 2p > 25 + 6, contradicting (1). Hence Nc(xi) — Nc(x2), 
implying that \I t \ >p + 2 (i = 1,2,..., a). Clearly s > |JV c (a;i)| - (|V(P)| - 1) > 
5 - p > 3. If s > 6 - p + 1 then 

\C\ >s(p + 2) > (S-p+l)(p + 2) 

= (5 -p-3)(p- 2) +4<5 -4 > 2(5 + 6, 

again contradicting (1). Hence s = 5 — p. It means that x\x 2 £ E(G), that is 
G[V(P)] is hamiltonian. By symmetric arguments, Nc(y) — Nc{x\) for each 
y 6 V(P). If T(7i, 72, I s ) — then r < 1, contradicting the hypothesis. 
Otherwise T(7 a , /(,) ^ for some elementary segments I a and By definition, 
there is an intermediate path L between I a and h. If \L\ > 2 then by lemma 2, 

|7 a | + \h\ > 2p + 2\L\ +4 > 2p + 8. 

Hence 

|G| = |7 a | + |7 6 | + J! \h\>2p + 8+(s-2)(p + 2) 

ie{l,..., S }\{a,6} 

= ((5 - p - 3)(p - 2) + 4(5 - p - 2 > 2(5 + 6, 
contradicting (1). Thus, \L\ — 1, i.e. T(7i, 7 2 , 7 S ) C E(G). By Lemma 2, 

+ >2p + 2|L|+4 = 2p + 6, 

which yields \C\ > 2(5 + 4. If |7 a | + |7 6 | > 2p + 7, then clearly c > 2(5 + 5, 
contradicting (1). Hence, If |7 a | + |7h| = 2 Jj + 6 and |7i| = Jj + 2 for each i e 
{l,..,s}\{a,6}. If |7 a | = |7 6 | =p + 3 then by Lemma 2, T(7 1; 7 S ) = T(7 , I b ) 
and |Y(7 a ,7{,)| = 1. This means that r < 1, contradicting the fact that r > 1. 
Now let \I a \ = p + 4 and |7 b | = p + 2. Put 7 a = ^ a wiW2W 3 . Then by Claim 
1, u>2 is incident to all edges in Y(7i, 7 S ), implying that r < 1, a contradiction. 

Case 3.2. p = 5 - 2. 

We have \N c (xi)\ > 5 - p = 2 (i = 1, 2). 

Case 3.2.1. iV c (a;i) + 1 iVcM- 

It follows that s > 3. Clearly, there are at least two elementary segments 
on G of length at least p + 2. If s > 5 then c > 2(p + 2) + 2{s - 2) > 25 + 6, 
contradicting (1). Thus, 3 < s < 4. 

Case 3.2.1.1. s = 3. 

Claim 18. For each pair £j, ^ e {1, 2, 3}) there is a path with endver- 
tices and vertex set U V(P). 

Proof. Assume w.l.o.g. that i = 1, j = 2 and xi£i e P(G). If x 2 £ 2 G P(G) 
then we are done. Let x 2 £,2 ^ P(G), implying that xi£ 2 G E(G). Next, if 
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x 2 £,i G E{G) then again we are done due to £1X2 P x\^ 2 . Hence ;r 2 £i ^ E(G). 
But then \Nc(x 2 )\ < 1, a contradiction. Claim 18 is proved. A 

By Claim 18, c > 3(p + 2) = 36. If <5 > 5 then c > 36 > 25 + 5, contradicting 
(1). Let 5 < 4. Recalling also that 5 = p + 2 > 4, we get <5 = 4, p = 2 and 
|7j| = j? + 2 = 4 (i = 1, 2, 3). Put P = x\yx 2 . By Claim 17, there is no a path 
Q = y~C$z with 

z g v(C)\{a,6,6}, V(Q)nV(PuC) = 

Observing also that Lemma 2 is applicable in this special case due to Claim 18, 
we can state that T(7i, 72, 7 3 ) = 0. But then £2, £3} has at least four 

components, contradicting the fact that r > 1. 

Case 3.2.1.2. s = 4. 

If N c {xi) fl N c {x 2 ) + 1 then clearly there are at least three elementary 
segments of length at least p + 2, which yields c > 3(p + 2) + 2(s — 3) > 2(5 + 5, 
contradicting (1). Let Nc(xi) ("1 Nc{x 2 ) = 0- Since there are at least two 
elementary segments of length at least p + 2, we have c > 2(p + 2) + 2(s — 2) > 
2(5 + 4. By (1), we can assume w. l.o. g. that |7i| = |7 3 | = 2 and |7 2 | = |7 4 | =p+2. 
By Claim 17, there is no a path C$ = yC^z such that 

yeV(P), zG V(C)\{6,6,6,6}, n V(P U C) = {y, *}■ 

Next, if ~t = ytz G T(7i,7 2 ), where y G V(/i ) and z G V(/|), then 

c> l^^t^i^^il > |C|-|^ 3 |+P + 2, 

implying that |zZ^6| > p + 2. But Then |7 2 | > P + 2, a contradiction. Hence 
T(/i,/ 2 ) - 0. Analogously, T(7 1 ,7 4 ) = T(7 2 ,7 3 ) = T(7 3 ,7 4 ) = 0. Further, 
if T(7 2 ,7 4 ) + 1 then we can argue as in proof of Lemma 2 to show that 
|7 2 + 7 4 | > 2p + 6, a contradiction. Hence, T(7 2 ,7 4 ) = 0. By a symmetric ar- 
guments, T(7i,7 3 ) = 0. So, T(7i,7 2 ,7 3 ,7 4 ) = 0, implying that G\{6, £2, 6, 6} 
has at least five components, which contradicts the fact that r > 1. 

Case 3.2.2. N c {x-i) = N c (x 2 ). 

If s > 4 then c > s(p + 2) > 45 > 25 + 8, contradicting (1). Let 2 < s < 3. 
Case 3.2.2.1. s = 3. 

If p > 3 then 5 = p + 2 > 5 and c > 3(p + 2) = 35 > 25 + 5, contradicting 
(1). Hence p = 2 and 5 = 4. By (1), c = 12 = 25 + 4 and |7 4 | = 4 (i = 1,2,3). 
Put P = x\yx 2 . By Claim 17, there is no a path Q — yQz such that 

z e V{G)\{&, 6, 6}, V(Q) n K(P U C) = {y, z}. 
By Lemma 2, T(7i,7 2 ,7 3 ) = 0, contradicting the fact that r > 1. 
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Case 3.2.2.2. s = 2. 

It follows that xix 2 G E(G). Since k > 3, there is a path = yC$z such 
that 

y G V(P), zeV(C)\{^^ 2 }, V(Q)nV(PuC) = {y,z}. 

Assume w.l.o.g. that z G V(I^). By Claim 17, |2i| > p + 6. Observing also that 
\h\ > P + 2, we get c > 2p + 8 = 25 + 6, contradicting (1). 

Case 3.3. p = 5 - 1. 

It follows that |iV c (x 4 )| > 5 - p = 1 (i = 1,2). 
Case 3.3.1. \N c (xi)\ > 2 (i = 1,2). 

If N c (xi) ^ N c (x 2 ) then by Lemma 1, \C\ >2p + 8 = 26 + 6, contradicting 
(1). Hence, N c (xi) = N c (x 2 ). By the hypothesis, s > 2 and \Ii\ > p + 2 = 5 + 1 
(i = 1, s). If s > 3 then c > s(p + 2) > 3(<5 + 1) > 2<5 + 6, contradicting (1). 
Let s = 2. Since k > 3, there is a path = y(^z such that 

yeV(P), zey(C)\{a,6}, V(Q) ny(PuC) = {y,z}. 

Assume w.l.o.g. that z G V(I^). If G E{G) then by Claim 17, \h\>p + 6. 
This implies c > 2p + 8 = 2(5 + 6, contradicting (1). Let xix 2 E(G), which 
yields xiw,X2W G E(G) for each u> G V(P)\{x\, x 2 }. If p > 3 then either 
y + {xx,x 2 } or y~ <g {x u x 2 }, say y + g {x u x 2 }. Then xiy+ G E(G) and 
therefore, 

Observe also that y ^ {xi,x 2 } and |£i ~dz\ > l^x^yC^zl > 3. Then |ii| > 
> p+2 and hence c = |ii| + |/2| > 2p+7 = 25 + 5, contradicting 
(1). Now let p = 2, implying that <5 = 3 and 

\i 1 tz\ = \zt^\ = 3, \I 2 \ = 4, Q = yz, |C| = 10 = 25 + 4. 

By arguing as in proof of Lemma 2, we can show that there are no edges connect- 
ing the interior vertices of the segments £i tz, zt& and J 2 . Thus, G\{£i,f 2 ,*} 
has at least four components, contradicting the fact that r > 1. 

Case 3.3.2. Either \N c (xt)\ = 1 or |iV c (a;2)| = 1. 

Assume w.l.o.g. that \Nc{xi)\ = 1 and Nc{x\) = {£i}. It follows that 
xix 2 G E(G). 

Case 3.3.2.1. N c {x{) ^ N c (x 2 ). 

Assume w.l.o.g. that x 2 £ 2 G E(G). If s > 4 then c > 2(p + 2) + 2(s - 2) > 
25 + 6, contradicting (1). Let s < 3. 

Case 3.3.2.1.1. s = 3. 

It follows that c > 2(p + 2) + 2 = 2<5 + 4. By (1), |7i | = |J 3 | = 5 + 1 and 
\I 2 \ = 2. Put I 2 =6^3- If T(7i,7 2 ) ^ 0, that is yz G E(G) for some y G V^*), 
then 

|C| > 16*1^26^^1 1 > \C\ - \£i~C*y\ + p + 2, 
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implying that |£i C^£/| > p + 2. But then \I\ \ > p + 3 = 5 + 2, a contradiction. 
Hence T(7i,7 2 ) = 0- Analogously, T(7 2 ,7 3 ) = 0. If T(7i,7 3 ) ^ then we can 
argue as in proof of Lemma 2, to show that |7i| + |7 2 > 2p + 6 = 2(5 + 4, a 
contradiction. So, T(7i,7 2 ,7 3 ) = 0. Further, if there is a path = w\^w 2 
such that 

wieV(P), » 2 enc)\Ui,e2,6}, ^(Q)n^(PuC) = {» 1 , ! B 2 }, 

then clearly w 2 £ F(7 2 *) (since |7 2 | = 2) and w 2 V{I{) U F(7 3 *) by Claim 17. 
Otherwise, G\{£i,£ 2 ,£ 3 } has at least four components, contradicting the fact 
that t > 1. 

Case 3.3.2.1.2. s = 2. 

Since k > 3, there is a path = yC^z such that 

yeV(P), zeV(C)\{^,^ 2 }, V(Q) nV(PuC) = {y,z}. 

Clearly, y £ {xi, x 2 }- Assume w.l.o.g. that z e V(7i). By Claim 17, |7i| > p+6, 
implying that c > 2p + 8 = 2(5 + 6, contradicting (1). 

Case 3.3.2.2. N c (x-i) = N c (x 2 ). 

It follows that Nc{x\) = Nc{x 2 ) = {%i} and X\w £ E(G) for each w S 
V(P)\{xi}. Since k > 3, there is a path Q = yt^z such that 

y e V(P), z e V(C)\{^}, V(Q) n K(P U C) = {y, z}. 

Clearly, y £ {x\,x 2 }. Since X\y + £ E(G), we can replace P with yPx\y + 
Then we can argue as in Case 3.3.2.1. 

Case 3.4. p>5. 

If \C\ > k(5 + 1) then clearly |C| > 3(6 + 1) > 26 + 6, contradicting (1). 
Otherwise, by Lemma 3, \Nc(xi)\ > 2 (i = 1,2). Since there are at least two 
elementary segments on C of length at least p + 2 > 5 + 2, we have |C| > 
2(p + 2) + 2 > 25 + 6 when s > 3, contradicting (1). Now let s = 2. By (1), 

p = 6, \h\ = \I 2 \=5 + 2, c=2<5 + 4. 

Since k > 3, there is a path = y^z such that 

y£V(P), z£V(C)\{t; 1 ,&}, V(Q)nV(PuC) = {y,z}. 

Assume w.l.o.g. that z £ V(I{). But then, by Claim 17, \h \ > p + 4 = 5 + 4, a 
contradiction. ■ 
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